Perturbative invariant of Seifert fibered rational homology spheres associated with trivial first cohomology class  by Sato, Chifumi
Topology and its Applications 109 (2001) 89–105
Perturbative invariant of Seifert fibered rational homology spheres
associated with trivial first cohomology class
Chifumi Sato
Department of Mathematics, Faculty of Education and Human Sciences, Yokohama National University,
79-2 Tokiwadai, Hodogaya-ku Yokohama, 240-8501, Japan
Received 13 November 1998; received in revised form 10 May 1999
Abstract
In this paper, we shall give a general formula for the quantum SU(2)-invariant of Seifert fibered
rational homology spheres over a 2-sphere associated with the trivial first cohomology class modulo
two, based on the linear skein theory. We shall derive the Casson–Walker invariant from the formula.
Also, we shall give a formula for a second coefficient of the perturbative invariant associated with the
trivial first cohomology class modulo two, which is a topological invariant. We shall give a relation
between the second coefficient and the Ohtsuki invariant. We shall show that the second coefficient
for Seifert fibered integral homology spheres belongs to 3Z. Ó 2001 Elsevier Science B.V. All rights
reserved.
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1. Introduction
Witten [25] proposed a topological invariant of a closed oriented 3-manifold M
associated with a compact Lie group. He defined this invariant in terms of the Feynman
path integral. Rigorous definitions of the invariant for SU(2) have been given by [19,10,3,
8]. Specially, in [10], Lickorish redefined the invariant introducing the linear skein theory
and the Temperley–Lieb algebra. We denote by τ SU(2)r (M) the quantum SU(2)-invariant of
M associated with the rth root of unity q = exp(2pi√−1/r). Here r is an integer > 3. In
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[7,2] there is a series of invariants which refines the quantum SU(2)-invariants. For an odd
integer p > 1 and αM ∈H 1(M;Z/2Z), an invariant τ SU(2)2p (M,αM) is defined and satisfies
τ
SU(2)
2p (M)=
∑
αM∈H 1(M;Z/2Z)
τ
SU(2)
2p (M,αM).
In this paper, we study the case where αM is trivial, and call τ SU(2)2p (M,0) the quantum
SU(2)-invariant of M associated with the trivial first cohomology class modulo two (and
the pth root of unity ξ = exp(2pi√−1/p)).
It is known by Seifert [22] that any oriented Seifert fibered 3-manifold M with an
orientable base space can be presented by the system of parameters:(
Oog|b; (α1, β1), . . . , (αn,βn)
)
.
Here O means thatM is orientable and og means that its base space is an orientable closed
surface with g handles. IfM is a rational homology 3-sphere, then g = 0. The integer b and
the coprime integers (αj ,βj ) are given for a regular fiber and singular fibers respectively,
and α1, . . . , αn are integers not less than 2.
Let Γ = Γ (Oo 0|b; (α1, β1), . . . , (αn,βn)) be the Seifert fibered rational homology
sphere over a 2-sphere S2 and letH be the order ofH1(Γ ;Z). Then Γ satisfies the relation:
Hε(E)
α1 · · ·αn = b+
n∑
j=1
βj
αj
, (1)
where ε(E)=E/|E| and E denotes the rational Euler number of the Seifert fibration. It is
known that the right side of (1) is also equal to E. Detailed descriptions of Γ can be found
in [12,16,18].
First, we give an explicit formula for the quantum SU(2)-invariant of the Seifert
fibered rational homology spheres over S2 associated with the trivial first cohomology
class modulo two, based on Lickorish’s definition. Let p be an odd prime. For an
integer a, fix an integer a¯ which satisfies the relation aa¯ ≡ 1 (mod p). For a rational
number a/b, put (a/b)∨ to be ab¯ ∈ Z/pZ. Let s(, ) denote the Dedekind sum. Also,
U =USα3 ×USα4 ×· · ·×USαn , and USαj = {−Sαj +1,−Sαj +3, . . . , Sαj −1}. For uj = Sαj − kj
and an element u = (u3, u4, . . . , un) in U , put |u| to be the sum of its entries, and
g(u)=∏nj=3 exp((kj − 1)pi√−1/2).
Theorem 1. Let Γ = Γ (Oo 0|b; (α1, β1), . . . , (αn,βn)) be a Seifert fibered rational
homology sphere over a 2-sphere with the rational Euler number E = b+∑nj=1(βj /αj ).
The quantum SU(2)-invariant of Γ associated with the trivial first cohomology class
modulo two is given as follows:
τ
SU(2)
2p (Γ,0) =
(
H
p
)
ξ 8¯(2+E
∨−3ε(E)−12∑nj=1 s(βj ,αj )∨)
ξ
S2+1
×
∑
u∈U
g(u)
{
ξ8E
∨(Sα1+Sα2+|u|)2 + ξ8E∨(Sα1−Sα2+|u|)2},
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where H denotes the order of H1(Γ ;Z), ε(E)= E/|E|, ( ·p ) is the Legendre symbol with
respect to p, and ξ = exp(2pi√−1/p).
For any rational homology 3-sphere M and any odd prime p Murakami [14] showed
that τ SU(2)2p (M,0) belongs to Z[1/2, ξ ] and conjectured that τ SU(2)2p (M,0) belongs to Z[ξ ].
Conjecture 2 (H. Murakami). There exists a series of invariants λSU(2)m (M,0) ∈Q\Z[1/p]
for m= 0,1,2, . . . such that
τ
SU(2)
2p (M,0)=
(
H
p
) N∑
m=0
λSU(2)m (M,0)(ξ − 1)m +Λ(ξ − 1)N+1
with some Λ ∈ Z[ξ ] and some N . Moreover
λ
SU(2)
0 (M,0)= 1, (2)
λ
SU(2)
1 (M,0)= 3λCW(M), (3)
where λCW(M) is the Casson–Walker invariant [24] whose normalization is used in [1].
It is possible to define a polynomial invariant for M:
τ SU(2)(M,0)=
∞∑
m=0
λSU(2)m (M,0)(t − 1)m. (4)
We call τ SU(2)(M,0) the perturbative invariant of M associated with the trivial first
cohomology class modulo two. From Theorem 1, we obtain that τ SU(2)2p (Γ,0) belongs
to Z[ξ ] for Γ . Then τ SU(2)2p (Γ,0) can be expanded into a power series in ξ − 1 with
integer coefficients. All the coefficients at (ξ − 1)m,0 6 m 6 p − 2 for a polynomial of
ξ − 1 coming from Z[ξ ], are well-defined modulo p. In the terminology for a number
theory [5], (H
p
)λ
SU(2)
m (Γ,0) is the residue of the Fermat function λSU(2)m (Γ,0) modulo p.
The residue of a Fermat function is unique. Thus the conjecture can be showed explicitly in
our situation, and as an application of this computation we obtain the following theorem.
Theorem 3. Let Γ = Γ (Oo 0|b; (α1, β1), . . . , (αn,βn)) be a Seifert fibered rational
homology sphere over a 2-sphere. The invariant λSU(2)2 (Γ,0) for Γ is given as follows:
λ
SU(2)
2 (Γ,0) = −
(
1
8E
)2{ n∑
i=1
(
1
αi
)4
− n+ 2
}
+ 27
8
X2
+ 3
8
(2Y − 3)X+ 1
8
(Y 2 − 3Y )+ 1
8
,
where H denotes the order of H1(Γ ;Z),E = b+∑nj=1(βj /αj ) and ε(E)=E/|E|. Also
X and Y satisfy the relations that
X = 1
12E
{ n∑
j=1
(
1
αj
)2
− n+ 2
}
, (5)
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Y = 1
4
{
2+E − 3ε(E)− 12
n∑
j=1
s(βj ,αj )
}
, (6)
where s(, ) is the Dedekind sum.
Currently there is no proof except m = 0,1 that λSU(2)m (M,0) of a rational homology
3-sphere M is finite type. From Theorem 3, in the case M is a Seifert fibered 3-manifold
Γ , we can confirm that λSU(2)2 (Γ,0) is finite type.
Let λSO(3)1 (Γ ) and λ
SO(3)
2 (Γ ) be the first and second Ohtsuki invariants, respectively [17,
21].
Corollary 4. A relation of λSU(2)2 (Γ,0), λSO(3)1 (Γ ) and λSO(3)2 (Γ ) is given as follows.
4λSU(2)2 (Γ,0)= 3HλSO(3)2 (Γ )−H 2
{
λ
SO(3)
1 (Γ )
}2 + H
2
λ
SO(3)
1 (Γ ).
The corollary is a counter-example of a conjecture for Garoufalidis and Masbaum [14],
see also Remark 8 in Section 5 in this paper.
We have a integrality of the second coefficient:
Theorem 5. Let Σ = Σ(Oo 0|b; (α1, β1), . . . , (αn,βn)) be a Seifert fibered integral
homology sphere. The invariant λSU(2)2 (Σ,0) of Σ belongs to 3Z.
The paper is organized in the following way. We shall give definitions of the quantum
invariant τ SU(2)2p (M,0) in Section 2, and prove Theorem 1 in Section 3. We shall derive the
Casson–Walker invariant of Γ from Theorem 1 and prove Theorem 3 in Section 4. Finally
we prove Corollary 4 and Theorem 5, and give an example in Section 5.
2. Definition of the invariant τ SU(2)2p (M,0)
The aim of this section is to view definitions of a quantum SU(2)-invariant associated
with the trivial first cohomology class modulo two. The definitions are due to Kirby and
Melvin [7], and Lickorish in the language of the linear skein theory [10]. We introduce
the linear skein theory to establish the definitions. Let F be a planar surface which has a
finite collection of points designated in its boundary. A link diagram is an immersion of a
compact 1-manifold into F with a singular set composed of only transverse double points
to which over and under crossing data are added. Every boundary point of the 1-manifold
map to the set of specified points in the boundary of F . Let A be a complex number. The
linear skein of a planar surface, S(F ), is the vector space of formal linear sums of link
diagrams over C quotiented by the next relations.
D
∐
U0 = (−A2 −A−2)D,
=A +A−1
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Here D denotes a link diagram, U0 a trivial closed curve and
∐
a disjoint union. In the
second relation three diagrams represent the same diagrams except the brackets〈 〉.
The linear skein of the plane, S(R2), is identified with C since S(R2) is spanned by the
empty diagram φ. In the linear skein of the annulus, S(S1 × I), a product of two diagrams
in two annuli can be introduced by identifying together one boundary component from
each annulus. Let α be the base element composed from an encircling single curve in the
annulus in Fig. 1.
Fig. 1. Base of S(S1 × I ).
Then the base of S(S1× I) is {α0, α1, α2, . . .} where α0 is the empty diagram and αk is
k parallel curves in the annulus. The linear skein S(S1 × I) could become a commutative
algebraC[α]. Let S(D2,2m) denote the linear skein of the squareD2 withm points on the
left edge andm points on the right. We shall turn S(D2,2m) into themth Temperley–Lieb
algebra TLm. The generator of TLm is {1m, e1, e2, . . . , em−1} shown in Fig. 2.
Fig. 2. Elements of TLm .
The product x·y in TLm is obtained from two diagrams x and y in TLm by identifying
the right edge of x and the left edge of y . We give a standard inclusion TLm ⊂ TLm+1. The
elements have the following basic relations.
e2i = (−A2 −A−2)ei,
eiei±1ei = ei,
eiej = ej ei, |i − j |> 1.
We consider the idempotent fm in TLm (Fig. 3) satisfying the relations that f0 = φ,f1 = 1
and fm+1 = fm− (∆m−1/∆m)fmemfm where∆m = (−1)m(A2(m+1)−A−2(m+1))/(A2−
A−2). If A is a primitive 8pth root of unity, ∆0 · · ·∆2p−2 6= 0 and ∆2p−1 = 0, then there
is fm for 06m6 2p− 1.
Fig. 3. Element of TLm .
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Fig. 4. Element of S(S1× I ) .
Now define a linear map from TLm to S(S1 × I) by placing a square into annulus and
joining m points on the left side to m points on the right side by m parallel arcs encircling
the annulus. Then we get an element Sm(α) in S(S1 × I) (Fig. 4) satisfying the relations
that S0(α) = α0, S1(α) = α and Sm+1(α) = αSm(α)− Sm−1(α). For an integer p > 2, let
ω0 ∈ S(S1 × I) be defined by
ω0 =
p−1∑
m=0
∆2mS2m(α).
Let M be a closed oriented 3-manifold obtained by a Dehn surgery along a framed link
in S3 represented by a diagram D of the blackboard framing. Suppose that 〈, . . . , 〉D is a
multilinear map from S(S1×I)×· · ·×S(S1×I) to S(R2). We shall give the definition of
the invariant τ SU(2)2p (M,0) of a 3-manifold M associated with the trivial first cohomology
class modulo two.
Definition 6. Let A be a primitive 8pth root of unity, p an odd integer > 1. Then,
τ
SU(2)
2p (M,0) ∈C is defined as follows.
τ
SU(2)
2p (M,0)= 〈µω0〉−v+(L)U+ 〈µω0〉
−v−(L)
U− 〈µω0, . . . ,µω0〉D,
where µ = (A2 − A−2)/(2√−p), v±(L) is the numbers of positive and negative
eigenvalues of a linking matrix of a link diagram D, respectively, and U± is an unknotted
link diagram with framing ±1, respectively.
The invariant τ SU(2)2p (M,0) is invariant under Kirby moves on framed link. The
manifolds S3 and S1 × S2 are represented by an empty diagram φ and an unknotted
diagram U0 with framing 0, respectively. So τ SU(2)2p (S
3,0) and τ SU(2)2p (S
1 × S2,0) can be
calculated easily:
τ
SU(2)
2p (S
3,0)= 〈µw0〉φ = 1,
τ
SU(2)
2p (S
1 × S2,0)= 〈µw0〉U0 =
√−p
A2 −A−2 .
It follows that 〈µω0〉U+〈µω0〉U− = 1, and so 〈µω0〉U+ 6= 0 and 〈µω0〉U− 6= 0. We redefine
τ
SU(2)
2p (M,0) as follows:
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Definition 7. Let A be a primitive 8pth root of unity, p an odd integer > 1. Then,
τ
SU(2)
2p (M,0) ∈C is defined as follows.
τ
SU(2)
2p (M,0)= 〈µω0〉−σU+ 〈µω0, . . . ,µω0〉D,
where µ= (A2 −A−2)/(2√−p),σ is the signature of a linking matrix of a link diagram
D, and U+ is an unknotted link diagram with framing +1.
The invariant τ SU(2)2p (M,0) have the following properties:
τ
SU(2)
2p (M1]M2,0)= τ SU(2)2p (M1,0)τ SU(2)2p (M2,0), (7)
τ
SU(2)
2p (−M,0)=
{
τ
SU(2)
2p (M,0)
}∗
, (8)
where ] denotes the connected sum, −M is M with the opposite orientation, and z∗ is the
complex conjugate of z.
LetA be a primitive 4rth root of unity and r an integer> 3. In [10], the quantum SU(2)-
invariant τ SU(2)r (M) using the element µω in S(S1 × I) is defined by
ω=
r−2∑
m=0
∆mSm(α)
and µ = (A2 − A−2)/(√−2r). Also suppose that r is an odd integer > 3. The quantum
SO(3)-invariant τ SO(3)r (M) using the element µω0 in S(S1 × I) is defined by
ω0 =
(r−3)/2∑
m=0
∆2mS2m(α)
and µ= (A2 −A−2)/(√−r).
3. Proof of Theorem 1
In this section, we shall give our proof of Theorem 1. We shall introduce some notation:
em(x)= exp
(
2pix
√−1
m
)
, T = t1 + · · · + tn,
η=
{
1, p ≡ 1 (mod 4),√−1, p ≡ 3 (mod 4).
We have
E∨ ≡Hε(E)α1 · · ·αn ≡ b+
n∑
j=1
Sαjβj (mod p) (9)
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from (1) and the relationE = b+∑nj=1(βj /αj ). A framed link of Γ = Γ (Oo 0|b; (α1, β1),
. . . , (αn,βn)) is represented by a link diagram DΓ of a blackboard framing (see Fig. 5),
using a method in [6] with continued fraction expansions (αj ,βj ) for j = 1, . . . , n:
αj
βj
=mjtj −
1
mj,tj−1 −
1
. . . − 1
mj2 − 1
mj1
.
We shall denote this continued fraction expansion by [mj1, . . . ,mjtj ]. If αj and βj are
coprime integers with 0< βj < αj and if mj1, . . . ,mjtj are integers not less than 2, then
the expansion is determined uniquely.
Fig. 5. Blackboard framing of Γ .
Let
Ŝ =
[
0 −1
1 0
]
and T̂ =
[
1 1
0 1
]
be two generators of PSL(2;Z) with Ŝ 2 = (ŜT̂ )3 = 1, and let Ûjk be the elements of
PSL(2;Z) defined by
Ûjk =
[
ajk bjk
cjk djk
]
= T̂ mjk Ŝ · · · T̂ mj1 Ŝ
for j = 1,2, . . . , n and k = 0,1, . . . , tj with the convention a0 = d0 = 1 and b0 = c0 = 0.
Here mj1, . . . ,mjk > 2 are the integers in the previous continued fraction expansion
[mj1, . . . ,mjk]. There are the relations that
ajk =mjkaj,k−1 − cj,k−1, cjk = aj,k−1, (10)
bjk =mjkbj,k−1 − dj,k−1, djk = bj,k−1, for k > 2.
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Also we can show the relations:
ajtj cjtj =mjtj −mj,tj−1 − · · · −mj2 −mj1, (11)
bjtj ajtj =−(aj1 + aj2aj1 + · · · + ajtj aj,tj−1), (12)
mj1 + · · · +mjtj = αj (−βj + bjtj )+ 12s(βj ,αj )∨ + 3tj . (13)
Fig. 6. Three blackboard framings.
For the three diagrams D0, D1, and D2 in Fig. 6, we consider 〈S2u(α)〉D0 , 〈S2u(α),
S2v(α)〉D1 and 〈S2u(α)〉D2 . Then we have〈
S2u(α), S2v(α)
〉
D1
= S˜u:v 2
√−p
A2 −A−2∆
−1
2u
〈
S2u(α)
〉
D0
,〈
S2u(α)
〉
D2
= T˜ mu 〈S2u(α)〉D0 ,
where
S˜u:v = 12√−p
{
A2(2u+1)(2v+1)−A−2(2u+1)(2v+1)} and T˜u =A4(u2+u).
Using the above notation and Definition 7 in Section 2, the quantum invariant
τ
SU(2)
2p (Γ,0) of Γ can be defined as
τ
SU(2)
2p (Γ,0) = 〈µω0〉−T+ε(E)U+ 〈µω0, . . . ,µω0〉DΓ
=
{
A2 −A−2
2
√−p
p−1∑
a=0
A4(a
2+a)∆22a
}−T+ε(E)
×
(
A2 −A−2
2
√−p
)1−n p−1∑
γ=0
∆2−n2γ A
−4b(γ 2+γ )
n∏
j=1
ϕ(αj ,βj ). (14)
Here ϕ(αj ,βj ) is the expression about the continued fraction of the singular fiber (αj ,βj )
for Γ :
ϕ(αj ,βj )=
p−1∑
kj1,...,kjtj=0
S˜γ :kjtj
T˜
mjtj
kjtj
S˜kjtj :kj,tj−1 T˜
mj ,tj−1
kj ,tj−1 · · · T˜
mj1
kj1
S˜kj1:0.
Using the relations (10),
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ϕ(α,β) = −1
2√p(
√−1)1−t
(
2t at
p
)
ηt (−1)γ ep
(− 2atat−1(γ 2 + γ ))
×ep(−8atat−1)
∑
±
±ep
(± (−1)t2at(γ + 2))ep((1/4− 4)(t ± 1))
×ep
(− 8(m1 + · · · +mt))ep(− 8(atat−1 + · · · + a1a0)).
Further using (11)–(13),
ϕ(α,β) = −1
2√p(
√−1)1−t
(
2t α
p
)
ηt (−1)γ ep
(− 2αβ(γ 2 + γ ))
×
∑
±
±ep
(± (−1)t2α(γ + 2))ep((1/4− 4)(t ± 1))
×ep
(− 8(12s(β,α)∨ + 3t)). (15)
We pick out the coefficients about γ in the formula of τ SU(2)2p (Γ,0) with (15) substituted:
Ψ :=
p−1∑
γ=0
∆2−n2γ A
−4b(γ 2+γ )
n∏
j=1
(−1)γ ep
(− 2αjβj (γ 2 + γ ))
×
∑
±
±ep
(± (−1)tj 2αj (γ + 2))ep((1/4− 4)(tj ± 1))
= (A2 −A−2)n−2
p−1∑
γ=0
(∑
±
±e4p(±(2γ + 1))
)2−n
e2p
(− b(γ 2 + γ ))
×(−1)nγ
n∏
j=1
ep
(− 2αjβj (γ 2 + γ ))∑
±
±ep
(± (−1)tj2αj (γ + 2))
×ep
(
(1/4− 4)(tj ± 1)
)
.
Using (9), we have
Ψ = (A2 −A−2)n−2
p−1∑
γ=0
(∑
±
±e4p(±(2γ + 1))
)2−n
ep
(− 2E∨(γ 2 + γ ))
×(−1)nγ
n∏
j=1
∑
±
±ep
(± (−1)tj 2αj (γ + 2))ep((1/4− 4)(tj ± 1))
= −(A2 −A−2)n−2ep
(
(1/4− 4)T ) p−1∑
γ=0
{
ψ1(α1 + α2;γ )
+ψ1(α1 − α2;γ )+ψ1(−α1 + α2;γ )+ψ1(−α1 − α2;γ )
}
.
Here
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ψ1(α;γ ) = ep
(− 2E∨(γ 2 + γ ))ep(2α(γ + 2))
×
n∏
j=3
ep(2αj (γ + 2))+ ep(−2αj (γ + 2))
ep(2(γ + 2))+ ep(−2(γ + 2))
,
and α stands for each of α1 + α2, α1 − α2, −α1 + α2, and −α1 − α2. Since the values of
ψ1(α1 + α2;m) and ψ1(−α1 − α2;p− 1−m) are equal for m= 0, . . . , p− 1, we have
p−1∑
γ=0
ψ1(α1 + α2;γ )=
p−1∑
γ=0
ψ1(−α1 − α2;γ ).
Similarly we have
p−1∑
γ=0
ψ1(α1 − α2;γ )=
p−1∑
γ=0
ψ1(−α1 + α2;γ ).
Hence we obtain
Ψ =−2(A2 −A−2)n−2ep
(
(1/4− 4)T ) p−1∑
γ=0
{
ψ1(α1 + α2;γ )+ψ(α1 − α2;γ )
}
.
Also we have
n∏
j=3
ep(2αj (γ + 2))+ ep(−2αj (γ + 2))
ep(2(γ + 2))+ ep(−2(γ + 2))
=
∑
u∈U
g(u)ep
(
2|u|(γ + 2)),
where U and g(u) are defined in the paragraph before Theorem 1. We have
p−1∑
γ=0
ψ1(α;γ ) =
p−1∑
γ=0
ep
(− 2E∨(γ 2 + γ ))ep(2α(γ + 2))∑
u∈U
g(u)ep
(
2|u|(γ + 2))
=
∑
u∈U
g(u)
p−1∑
γ=0
ep
(− 2E∨(γ − 2E∨(−E∨ + α+ |u|))2)
×ep
(
8E∨ + 8E∨(α + |u|)2)
=
∑
u∈U
g(u)ep(8E∨)ep
(
8E∨(α + |u|)2)p−1∑
γ=0
ep(−2E∨γ 2).
Using the Gauss sum,
p−1∑
γ=0
ψ1(α;γ )=
∑
u∈U
g(u)ep(8E∨)ep
(
8E∨(α + |u|)2)(−2E∨
p
)√
pη.
Therefore we have
Ψ = −2(A2 −A−2)n−2(ε√−1)T ep(8E∨)
(−2E∨
p
)√
pη
×
∑
u∈U
g(u)
{
ep(8E∨(α1 + α2 + |u|)2)+ ep(8E∨(α1 − α2 + |u|)2)
}
. (16)
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Also we take 〈µω0〉U+ out of the formula of τ SU(2)2p (Γ,0):
〈µω0〉U+ =
{
A2 −A−2
2
√−p
p−1∑
a=0
A4(a
2+a)∆22a
}
= √−1ep(−8)e4p(−1)
(
2
p
)
η. (17)
Substituting (15)–(17) into (14), we can calculate:
τ
SU(2)
2p (Γ,0) =
(√−1ep(−8)e4p(−1)( 2
p
)
η
)−T+ε(E)(
A2 −A−2
2
√−p
)1−n
×(−2)(A2 −A−2)n−2(ε√−1)T ep(8E∨)
(−2E∨
p
)√
pη
∑
u∈U
g(u)
×{ep(8E∨(α1 + α2 + |u|)2)+ ep(8E∨(α1 − α2 + |u|)2)}
×
n∏
j=1
( −1
2√p
)
(
√−1)1−tj
(
2tj αj
p
)
ηtj ep
(− 8(12s(βj ,αj )∨ + 3tj ))
=
(
H
p
)
ξ
8(2+E∨−3ε(E)−12∑nj=1 s(βj ,αj )∨)
ξ2 + 1
×
∑
u∈U
g(u)
{
ξ8E
∨(α1+α2+|u|)2 + ξ8E∨(α1−α2+|u|)2)}.
Therefore we obtain Theorem 1. 2
4. Proof of Theorem 3
We shall derive the Casson–Walker invariant from the formula of Theorem 1. Also, we
shall give a formula for a second coefficient of a perturbative invariant associated with the
trivial first cohomology class modulo two, which is a topological invariant.
In [9], the formula of the Casson–Walker invariant of Seifert fibered rational homology
spheres over S2 is expressed as
λCW (Γ ) = −ε(E)8 +
1
24E
{
E2 +
n∑
j=1
(
1
αj
)2
− n+ 2
}
−1
2
n∑
j=1
s(βj ,αj ). (18)
Here we use Casson’s original normalization in [1] for λCW(Γ ).
We expand the formula of Theorem 1 into a power series in ξ − 1:
τ
SU(2)
2p (Γ,0)=
(
H
p
) N∑
m=0
λSU(2)m (Γ,0)(ξ − 1)m +Λ(ξ − 1)N+1
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with some Λ ∈ Z[ξ ] and some N . Then we have
λ
SU(2)
0 (Γ,0) = 1,
λ
SU(2)
1 (Γ,0) = 3
(
− 8ε(E)− 24E∨
{
E∨2 +
n∑
j=1
αj
2 − n+ 2
}
− 2
n∑
j=1
s(βj ,αj )
∨
)
,
λ
SU(2)
2 (Γ,0) = −(8E∨)2
{
n∑
j=1
αj
4 − n+ 2
}
+27·8X2 + 3·8(2Y − 3)X+ 8(Y 2 − 3Y )+ 8,
where
X = 12E∨
{ n∑
j=1
αj
2 − n+ 2
}
,
Y = 4
(
2+E∨ − 3ε(E)− 12
n∑
j=1
s(βj ,αj )
∨
)
,
and E∨ is the integer satisfying the congruence expression (9). Since the expansion is
too complicated, it is difficult to write down here the concrete values of λSU(2)3 (Γ,0),
λ
SU(2)
4 (Γ,0), . . .. All the coefficients at (ξ − 1)m,06m6 p− 2 for a polynomial of ξ − 1
coming from Z[ξ ], are well-defined modulo p, since
ξp − 1
ξ − 1 =
p−1∑
m=0
(
p
m+ 1
)
(ξ − 1)m
which is identically equal to zero. In the terminology for a number theory [5],
(
H
p
)
λ
SU(2)
m
(Γ,0) is the residue of the Fermat function λSU(2)m (Γ,0)modulo p. The residue of a Fermat
function is unique. Thus we obtain that
λ
SU(2)
0 (Γ,0) = 1,
λ
SU(2)
1 (Γ,0) = 3
(
− ε(E)
8
+ 1
24E
{
E2 +
n∑
j=1
(
1
αj
)2
− n+ 2
}
− 1
2
n∑
j=1
s(βj ,αj )
)
,
λ
SU(2)
2 (Γ,0) = −
(
1
8E
)2{ n∑
j=1
(
1
αj
)4
− n+ 2
}
+ 27
8
X2
+3
8
(2Y − 3)X+ 1
8
(Y 2 − 3Y )+ 1
8
,
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where X and Y are the expressions of (5) and (6). Substituting the expression (18) to
λ
SU(2)
1 (Γ,0), we obtain Murakami’s conjecture (3). We have proved Theorem 3. 2
5. Proof of Theorem 5
Calculations of the SU(2)-invariant associated with the rth root of unity q have been
made before for Seifert fibered 3-manifolds over S2 by Neil [15]. Also Garoufalidis [4]
gave a formula of the SU(2)-invariant for Seifert fibered 3-manifolds over S2. Kirby
and Melvin [7] showed that the SU(2)-invariant τ SU(2)r (M) splits into the product of
τ
SU(2)
3 (M) and τ
SO(3)
r (M) or its complex conjugate. Here r is an odd integer not less
than 3, and τ SO(3)r (M) is called the quantum SO(3)-invariant. A formula of the quantum
SO(3)-invariant of Seifert fibered rational homology spheres over a 2-sphere was given
independently by Rozansky [20], Takata [23], and the author [21] in different ways.
Suppose that q = exp(2pi√−1/r). Murakami [13] pointed out that the invariant
τ
SO(3)
r (M) belongs to Z[q] for anyZ/rZ homology 3-sphereM and any odd prime r . Then
τ
SO(3)
r (M) ∈ Z[q] can be expanded into a power series in q − 1 with integer coefficients.
All the coefficients at (q − 1)m, 0 6 m 6 r − 2 for a polynomial of q − 1 coming from
Z[q], are well-defined modulo r . Applying Ohtsuki’s theorem [17] to the power series,
there exists topological invariants λSO(3)m (M) ∈ Z[1/2,1/3, . . . ,1/max{2m+ 1,H }]. Here
H is the order of H1(M;Z), and λSO(3)m (M) (m = 0,1,2, . . .) are called the Ohtsuki mth
invariants. It is possible to define a polynomial (topological) invariant for M:
τ SO(3)(M)=
∞∑
m=0
λSO(3)m (M)(t − 1)m. (19)
Murakami [13] showed that
λ
SO(3)
0 (M)=
1
H
, (20)
λ
SO(3)
1 (M)=
6
H
λCW(M), (21)
for H ∈ N. Here λCW(M) is the Casson–Walker invariant of M . The author [21] gave the
Ohtsuki second invariant λSO(3)2 (Γ ) for Seifert fibered rational homology sphere Γ over
a 2-sphere. The formula (18) of the Casson–Walker invariant is expressed as λCW(Γ ) =
(3X+ Y − 1/2)/6 using (5) and (6). Thus we have
λ
SO(3)
1 (Γ )=
1
H
(
3X+ Y − 1
2
)
. (22)
From Theorem 2 in [21] and Theorem 3 and (22) in this paper, we express λSU(2)2 (Γ,0) in
λ
SO(3)
1 (Γ ) and λ
SO(3)
2 (Γ ):
4λSU(2)2 (Γ,0)= 3HλSO(3)2 (Γ )−H 2
{
λ
SO(3)
1 (Γ )
}2 + H
2
λ
SO(3)
1 (Γ ).
The relation is the assertion in Corollary 4.
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Table 1
(α1, α2, α3) (b; (α1, β1), (α2, β2), (α3, β3)) λSU(2)2 (Σ,0)
(2,3,5) (−1; (2,1), (3,1), (5,1)) 3× 8
(2,3,7) (−1; (2,1), (3,1), (7,1)) 3× 13
(2,7,13) (−1; (2,1), (7,3), (13,1)) 3× 309
(2,11,17) (−1; (2,1), (11,1), (17,7)) 3× 1302
(2,11,19) (−2; (2,1), (11,9), (19,13)) 3× 1610
(2,11,21) (−1; (2,1), (11,5), (21,1)) 3× 1995
(2,13,21) (−2; (2,1), (13,9), (21,17)) 3× 2752
(2,15,29) (−1; (2,1), (15,7), (29,1)) 3× 7070
(2,19,29) (−1; (2,1), (19,1), (29,13)) 3× 11305
(2,19,37) (−1; (2,1), (19,9), (37,1)) 3× 18450
(3,4,7) (−1; (3,1), (4,1), (7,3)) 3× 75
(3,5,13) (−2; (3,2), (5,4), (13,7)) 3× 413
(4,5,19) (−1; (4,3), (5,1), (19,1)) 3× 1695
(4,7,9) (−1; (4,3), (7,1), (9,1)) 3× 755
(4,7,27) (−1; (4,1), (7,5), (27,1)) 3× 6825
Remark 8. Let M be a rational homology 3-sphere. In [14], Garoufalidis and Masbaum
conjectured that
Hτ SO(3)(M; t)= τ SU(2)(M,0; t2).
From (2) and (20) we have λSU(2)0 (M,0)= HλSO(3)0 (M), and from (3) and (21) we have
2λSU(2)1 (M,0)= HλSO(3)1 (M). They correspond to relations derived from the conjecture.
Since t2 − 1= (t − 1)2 + 2(t − 1) and (t2 − 1)2 = (t − 1)4 + 4(t − 1)3 + 4(t − 1)2, the
conjecture requires that
4λSU(2)2 (M,0)=HλSO(3)2 (M)−
H
2
λ
SO(3)
1 (M).
Thus Corollary 4 is a counter-example of the conjecture.
Lin and Wang [11] showed that λSO(3)2 (Σ) ∈ 3Z for all integral homology 3-sphere Σ .
In this case, since H1(Σ;Z)∼=H1(S3;Z), the order H of H1(Σ;Z) is 1. From (21),{
λ
SO(3)
1 (Σ)
}2 = {6λCW(Σ)}2 ∈ 9·4Z
since λCW(Σ) belongs to Z. Also
3λSO(3)2 (Σ)+
1
2
λ
SO(3)
1 (Σ)= 3λSO(3)2 (Σ)+ 3λCW(Σ) ∈ 3·4Z.
Thus we have λSU(2)2 (Σ,0) ∈ 3Z from Corollary 4. We obtain Theorem 5.
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For the Brieskorn manifold Σ(α1, α2, α3), which is an integral homology 3-sphere, we
give the table of λSU(2)2 (Σ(α1, α2, α3),0) (see Table 1).
As each value of λSU(2)2 (Σ(α1, α2, α3),0) in the above table is a multiple of 3, which
satisfies Theorem 5.
Acknowledgement
The author would like to thank H. Murakami for precious suggestions and comments.
References
[1] S. Akbulut, J.D. McCarthy, Casson’s invariant for oriented homology 3-spheres, an exposition,
Mathematical Notes, Vol. 36, Princeton Univ. Press, Princeton, NJ, 1990.
[2] C. Blanchet, Invariants on three-manifolds with spin structure, Comment. Math. Helv. 67 (1992)
406–427.
[3] C. Blanchet, N. Habegger, G. Masbaum, P. Vogel, Topological quantum field theories derived
from the Kauffman bracket, Topology 31 (1992) 406–427.
[4] S. Garoufalidis, Relations among 3-manifold invariants, Ph.D. Thesis, University of Chicago,
August 1992.
[5] G. Hardy, E. Wright, An Introduction to the Theory of Numbers, 5th edn., Oxford Univ. Press,
Oxford, 1995.
[6] L.H. Kauffman, Knots and Physics, World Scientific, Singapore, 1991.
[7] R. Kirby, P. Melvin, The 3-manifold invariants of Witten and Reshetikhin–Turaev for sl(2,C),
Invent. Math. 105 (1991) 473–545.
[8] T. Kohno, Topological invariants for 3-manifolds using representations of mapping class groups
I, Topology 31 (1992) 203–230.
[9] C. Lescop, Invariant de Casson–Walker des sphéres d’homologie rationelle fibrées de Seifert,
C. R. Acad. Sci. Paris Sér. I 310 (1990) 727–730.
[10] W.B.R. Lickorish, The skein method for three-manifold invariants, J. Knot Theory Ramifica-
tion 2 (1993) 171–194.
[11] X.-S. Lin, Z. Wang, On Ohtsuki’s invariants of integral homology 3-spheres, I, Preprint.
[12] J.M. Montesinos, Classical Tessellations and Three-Manifolds, Springer, Berlin, 1987.
[13] H. Murakami, Quantum SO(3)-invariants dominate the SU(2)-invariant of Casson and Walker,
Math. Proc. Cambridge Philos. Soc. 117 (1995) 237–249.
[14] H. Murakami, Quantum SU(2)-invariants of three-manifolds associated with the trivial first
cohomology class modulo two, Preprint.
[15] J. Neil, Combinatorial calculation of the various normalizations of the Witten invariants for
3-manifolds, J. Knot Theory Ramification 1 (1992) 407–499.
[16] W.D. Neumann, F. Raymond, Seifert manifolds, plumbing, µ-invariant and orientation
reversing maps, in: Algebraic and Geometric Topology, Lecture Notes in Math., Vol. 664,
Springer, Berlin, 1978, pp. 163–196.
[17] T. Ohtsuki, A polynomial invariant of rational homology 3-spheres, Invent. Math. 123 (1996)
241–257.
[18] P. Orlik, Seifert Manifolds, Lecture Notes in Math., Vol. 291, Springer, Berlin, 1972.
[19] N.Yu. Reshetikhin, V.G. Turaev, Invariants of 3-manifolds via link polynomials and quantum
groups, Invent. Math. 103 (1991) 547–597.
[20] L. Rozansky, Witten’s invariants of rational homology spheres at prime values of K and trivial
connection contribution, Commun. Math. Phys. 180 (1996) 297–324.
C. Sato / Topology and its Applications 109 (2001) 89–105 105
[21] C. Sato, Casson–Walker invariant of Seifert fibered rational homology spheres as quantum
SO(3)-invariant, J. Knot Theory Ramification 6 (1997) 79–93.
[22] H. Seifert, Topology of 3-dimensional fibered spaces, Acta Math. 60 (1933) 147–238.
[23] T. Takata, On quantum PSU(n)-invariants for Seifert manifolds, J. Knot Theory Ramification 6
(1997) 417–426.
[24] K. Walker, An extension of Casson’s invariant, Ann. Math. Studies, Vol. 126, Princeton Univ.
Press, 1992.
[25] E. Witten, Quantum field theory and the Jones polynomial, Commun. Math. Phys. 121 (1989)
351–399.
